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We compare the statistical properties of bright galaxies found in two different models
of galaxy formation — the semi-analytic model of Cole et al. (1999) and the smoothed
particle hydrodynamics (SPH) simulations of Pearce et al. (1999) — in cold dark matter
universes. These two techniques model gas processes very differently: by approximate,
analytic methods in the case of semi-analytic models, and by direct numerical inte-
gration of the equations of hydrodynamics for a set of discrete particles in the case
of SPH. Using a ‘stripped-down’ version of the semi-analytic model which mimics the
resolution of the SPH simulations and excludes physical processes not included in the
simulations, we find that the two models produce an ensemble of galaxies with remark-
ably similar properties. The full semi-analytic model, which has effectively no resolution
limit and which includes the important astrophysical processes of star formation and
supernovae feedback, produces somewhat different (but readily understandable) results.
Our comparison demonstrates that, on the whole, SPH simulations and semi-analytic
models give similar results for the thermodynamic evolution of cooling gas in cosmo-
logical volumes. Agreement is particularly good for the global fractions of hot, cold and
uncollapsed gas, and for the total amount of cooled gas in halos of different mass, for
which the SPH and stripped-down semi-analytic calculations differ by at most 50%.
The abundance of galactic-size objects as a function of cold gas mass agrees to within
a factor of 2, and the correlation functions agree to better than about 50% over most
of their range of pair separations. Our comparison demonstrates that these different
techniques for modelling galaxy formation produce results that are broadly consistent
with each other.
Key words: methods: numerical - galaxies: formation: kinematics and dynamics -
cosmology: theory - hydrodynamical simulation
1 INTRODUCTION
The properties of galaxies in the Universe are determined by
the behaviour of both the dark matter and the baryonic ma-
terial from which they are made. The dynamics of the dark
matter, which are determined by gravity alone, are now rea-
sonably well understood. N-body simulations (e.g. Davis et
al. 1985) provide an accurate description of the evolution of
structure into the highly non-linear regime where dark mat-
ter halos form (see, for example Jenkins et al. 1998, Coln
et al. 1999). Analytically, the Press-Schechter theory (Press
& Schechter 1974) predicts to within ∼ 50% the distribu-
tion of halo masses found in N-body simulations for a spec-
ied cosmology, whilst extensions to this theory (Bond et
al. 1991, Bower 1991, Lacey & Cole 1993) predict, with im-
pressive accuracy, the hierarchical build-up of these halos
by merging of smaller progenitors (see, for example, Lacey
& Cole 1994, Somerville et al. 1998). The behaviour of the
baryonic matter, on the other hand, is less well understood.
The dynamics of the gas are not determined by gravity alone
but also by hydrodynamical forces and radiative processes.
Since gas must cool into dense lumps before it can turn into
stars, these processes are crucial for galaxy formation (see,
for example, White & Rees 1978).
In this paper, we compare two widely used tech-
niques for modelling the behaviour of gas as it forms
into galaxies: semi-analytic modelling and direct simula-
tion using smoothed particle hydrodynamics (SPH). Semi-
analytic models applied to cold dark matter (CDM) cos-
mologies (Cole 1991, White & Frenk 1991, Kaumann,
White & Guiderdoni 1993, Lacey & Silk 1993, Cole et
al. 1994, Somerville & Primack 1998, Cole et al. 1999)
have met with considerable success in explaining many of
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the observed properties of the galaxy population, such as
the luminosity function, the distributions of colour and
morphological type, the counts as a function of magni-
tude and redshift (e.g. White & Frenk 1991, Kaumann,
White & Guiderdoni 1993, Cole et al. 1994, Kaumann
1995, Baugh, Cole & Frenk 1996, Kaumann 1996a,b, Kau-
mann & Charlot 1998a,b), the properties of Lyman-break
galaxies (Baugh, Cole, Frenk & Lacey 1998, Governato et
al. 1998), and the clustering of galaxies (Kaumann, Nusser
& Steinmetz 1997, Kaumann et al. 1999a,b, Diaferio et
al. 1999, Baugh et al. 1999, Benson et al. 1999a,b).
The SPH technique (Lucy 1977, Gingold & Monaghan
1977) has been used by many authors to model galaxy
formation (e.g. Katz & Gunn 1991, Katz, Hernquist &
Weinberg 1992, Navarro & White 1993, Evrard, Summers
& Davis 1994, Steinmetz & Mu¨ller 1994, Steinmetz &
Mu¨ller 1995, Katz, Weinberg & Hernquist 1996, Frenk et
al. 1996, Weil, Eke & Efstathiou 1998, Navarro & Steinmetz
1999, Pearce et al. 1999). These simulations have been suc-
cessful in producing objects with approximately the mass
of galaxies and, in cosmological simulations, with approxi-
mately the right abundance. However, to date no simulation
has been able to produce a realistic, rapidly rotating spi-
ral galaxy starting from cosmological initial conditions (e.g.
Navarro & Steinmetz 1999).
Both techniques require a number of simplifying as-
sumptions in order to model the evolution of cooling gas.
For example, semi-analytic models assume that dark mat-
ter halos and their associated gas component are spherical,
and that gas is eciently shock-heated when halos collapse.
SPH, on the other hand, assumes that gas is well represented
by a discrete set of particles. The two methods have dier-
ent strengths and limitations. Semi-analytic modelling can
follow a large dynamic range of scales and is suciently flex-
ible that the eects of varying assumptions and parameter
values can be readily explored. SPH, on the other hand, does
not impose any geometry restrictions and solves directly the
approximate evolution equations for gravitationally coupled
dark matter and dissipative gas. Limited resolution, how-
ever, restricts the accessible dynamic range and the expense
of large simulations makes it impractical to carry out param-
eter space explorations. In both approaches, a phenomeno-
logical model for star formation and feedback must be cou-
pled to the evolution of dark matter and gas in order to
calculate observable properties of galaxies. Generally, such
models are more easily implemented in semi-analytic mod-
els than in SPH simulations in which the behaviour of the
phenomenological model itself often depends on resolution.
The main aim of this paper is to determine the extent
to which the two techniques, semi-analytic modelling and
SPH simulations, produce consistent results for the evolu-
tion of cooling gas in the cosmological setting relevant to
galaxy formation. Our approach is statistical: we compare
the properties of populations rather than of individual ob-
jects. A secondary aim is to assess how the neglect of sub-
resolution processes in SPH simulations (star formation and
feedback) can aect the properties of objects above the res-
olution limit.
The remainder of this paper is laid out as follows. In §2,
we briefly describe briefly the SPH and semi-analytic mod-
els, and discuss in greater detail their specic implementa-
tion in this work. In §3, we compare several properties of the
galaxies calculated using these two techniques, and explore
the eects of changes to key parameters on these properties.
Finally, in §4, we present our conclusions.
2 THE SPH SIMULATIONS AND
SEMI-ANALYTIC MODELS
We now present the models of galaxy formation employed
in this paper. Since the SPH and semi-analytic techniques
are described in detail elsewhere, here we give only a brief




The SPH technique is a Lagrangian method in which the
gaseous component of the universe is described by a set of
tracer gas elements represented by particles within the sim-
ulation volume. Estimates of local gas properties (and their
spatial derivatives) for each particle are derived by smooth-
ing over the properties of the NSPH nearest neighbour par-
ticles (see Monaghan (1992) for a review). For simulations
of galaxy formation, the gas must also be able to cool radia-
tively.
The simulation volume is initially populated with dark
matter and gas particles, with a distribution derived from a
cosmological power spectrum. The equations of gravity and
hydrodynamics are then solved over a succession of small
timesteps to propagate the particle distribution forwards in
time until the present day is reached.
2.1.2 Simulation Specifics
Simulations were carried out for two of the cold dark matter
cosmological models studied by Jenkins et al. (1998), CDM
(mean mass density parameter, Ω0 = 0.3; cosmological con-
stant (in units of c2/3H20 ), 0 = 0.7; Hubble constant (in
units of 100 km s−1 Mpc−1), h = 0.7 and rms linear fluctu-
ation amplitude in 8h−1Mpc spheres, σ8 = 0.9), and SCDM
(Ω0 = 1.0, 0 = 0.0, h = 0.5, σ8 = 0.6). The baryon fraction
in each cosmology was set, from nucleosynthesis constraints,
to be Ωbh
2 = 0.015 (Copi, Schramm & Turner 1995). The
simulations, which were carried out with the parallel AP3M-
SPH code of Pearce & Couchman (1997), had 1283 particles
of each species in boxes of side 70h−1 Mpc and 50h−1 Mpc
in the CDM and SCDM models respectively. The gas mass
per particle was therefore 1.4×109 and 1×109h−1M in the
CDM and SCDM cosmologies respectively. Since we adopt
NSPH = 32, the smallest resolved objects have a gas mass
of 4.5× 1010 and 3.2× 1010h−1M in the two cosmologies.
An unevolving gas metallicity of 0.3 times the Solar value
was assumed since gas cooling into objects above the reso-
lution threshold will already have been processed by several
previous layers of the merger hierarchy.
We employed a comoving β-spline gravitational soften-
ing equivalent to a Plummer softening length of 35h−1kpc
for z > 2.5 in CDM and 25h−1kpc for z > 1.5 in SCDM. At
lower redshifts, the softening remained xed at 10h−1kpc in
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physical coordinates, and the minimum SPH spatial resolu-
tion was also set to match this value. Approximately 10,000
timesteps were required by each simulation to evolve from
z = 50 to z = 0. With our chosen parameters, the simu-
lations were able to follow the cooling of gas into galactic
dark matter halos. The resulting \galaxies" typically have
50-1000 particles.
Dark matter halos were identied at z = 0 using the
friends-of-friends (FOF) group nding algorithm (Davis et
al. 1985) with linking lengths of b = 0.164 times the mean
interparticle separation in CDM and b = 0.200 in SCDM.
\Galaxies" were also found using this algorithm, but with a
linking length ten times smaller than used for the dark mat-
ter halos. Galaxies are made of gas particles that have cooled
below 12,000 K and represent overdensities of ∼ 100, 000 or
more. A complete description of the simulations and the
properties of the simulated galaxies may be found in Pearce
et al. (1999b).
2.1.3 Assumptions and Limitations
The key assumption of the SPH technique is that the evo-
lution of gas may be approximated by the evolution of a set
of particles. Each particle may be thought of as a packet of
gas that \carries" with it the thermodynamical properties
of the system.
The smoothing inherent in the SPH technique intro-
duces problems whenever gas properties vary discontinu-
ously (or at least on scales much smaller than the smooth-
ing scale). In the case of shocks, an articial viscosity term
is used to capture the shock and prevent it from being
smoothed away by the SPH algorithm. Another example of
this kind of problem occurs in a multiphase gas, in which
the sharp boundary between phases is smoothed over, caus-
ing the phases to diuse into one another. This problem can
lead to runaway cooling in the centres of dark matter ha-
los, as happened, for example, in one of the simulations of
Frenk et al. (1996). The simulations of Pearce et al. (1999)
attempt to circumvent this problem by ignoring the contri-
bution of cold (T < 12, 000K) particles in the computation
of the densities of hot (T > 105K) particles. (For a complete
discussion of this approximation see Thacker et al. 1998).
A further limitation arises from the fact that the sizes
of the galaxies that form in the simulations are determined
primarily by the gravitational force softening length rather
than by any real physical processes. This raises the possibil-
ity of enhanced tidal disruption, drag, and merging within
dark matter halos. Whilst the softening length is kept xed
in physical coordinates at low redshift, it is kept xed in co-
moving coordinates at high redshift, as described in §2.1.2.
For z > 1.5 the physical softening length in the CDM
simulation is larger than in the SCDM simulation and, as
a result, non-physical eects due to softening may be ex-
pected to be more pronounced at early times in the CDM
simulation.
Although a variety of prescriptions have been used to
model supernovae feedback in SPH simulations, usually by
converting cold gas into \star particles" which then inject
thermal and kinetic energy into the surrounding gas (e.g.
Navarro & White 1993, Steinmetz & Mu¨ller 1995, Katz,
Weinberg & Hernquist 1996), this process remains poorly
understood. In cosmological SPH simulations, gas can only
begin to cool eciently in objects well above the minimum
resolved gas mass, around ∼ 1011h−1M in our case. Thus,
resolution eects prevent all the gas from cooling in small
halos at high redshift, a process that in reality is probably
due to feedback from supernovae or other energetic sources.
The resolution of our simulation was, in fact, chosen to en-
sure that the fraction of baryons that cools by the present
in the SCDM model is comparable to the observed fraction
of cold gas and stars in galaxies today. This was achieved
by carrying out several test simulations with varying reso-
lution until the desired cold gas fraction was obtained (Kay
et al. 1999).
2.2 Semi-analytic models of galaxy formation
2.2.1 Techniques
In semi-analytic models, some of the processes involved in
galaxy formation (e.g. the growth of dark matter halos by
mergers of smaller halos) are followed using analytic solu-
tions and Monte-Carlo techniques. Other, more uncertain
processes, such as feedback from supernovae are modelled
by means of simple, physically motivated rules. Typically,
such rules contain one or two free parameters which are con-
strained using observations of galaxies in the local Universe
(see Cole et al. 1999).
In semi-analytic models, the dynamics of the gas are
strongly coupled to the evolution of dark matter halos and
to the processes of star formation and feedback. The start-
ing point for our own modelling is the set of masses and
positions of dark matter halos at z = 0 taken from an N-
body simulation. A merging history for each halo is then
constructed using the extended Press-Schechter formalism.
Beginning with the earliest progenitor halo, our model as-
sumes that gas (initially assumed to have zero metallicity)
is shock-heated to the virial temperature of the halo, after
which it begins to cool according to a specied cooling func-
tion. Any gas that does cool forms a galaxy at the centre
of the halo within which stars begin to form at a specied
rate, producing both metals and supernovae. Supernovae re-
heat some of the gas in the galaxy, ejecting it back out into
the surrounding halo. (This gas is not allowed to cool again
until the halo has merged to form part of a larger halo.)
These processes continue until the halo mass has increased
by a factor of two or more, either by merging with a larger
halo, or by numerous accretions of smaller halos. Any left-
over hot gas becomes part of the new halo, and the largest
galaxy of the newly formed halo becomes the central galaxy,
onto which further gas can cool. Any other galaxies become
satellites in the new halo, and may eventually merge with
the central galaxy due to energy loss by dynamical friction.
The full model includes other processes such as stellar pop-
ulation synthesis and morphological evolution which are not
directly relevant to the present work.
As well as this \full" semi-analytic (FSA) model, for
the purposes of this work we constructed a \stripped-down"
semi-analytic (SDSA) model which is designed to be directly
comparable to the SPH simulations. In this SDSA model
we switch o star formation and the associated supernovae
and chemical enrichment, since these processes are not in-
cluded in the SPH calculation. Instead, we assume a xed
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metallicity of 0.3 times the Solar value, just as in the simula-
tions. We also mimic the SPH resolution by truncating halo
merger trees at N 0SPH times the dark matter particle mass
in the simulation, and switching o gas cooling when the
hot gas mass is less than N 0SPH times the gas particle mass.
The parameter N 0SPH is set at 2 ×NSPH = 64, i.e. at twice
the number of particles in the SPH smoothing kernel. This
value was chosen as it allows the SDSA models to match the
position of the peak in the galaxy mass function in the SPH
simulations (as will be shown in §3.2.1). The FSA model
has no such truncation of merger trees and has eectively
unlimited resolution (progenitor halos are resolved down to
masses several hundred times smaller than in the SPH and
SDSA models).
2.2.2 Specifics
The semi-analytic model of Cole et al. (1999), with the ex-
tensions described by Benson et al. (1999a,b), was used to
populate two dark matter simulations with galaxies. These
simulations were generated using exactly the same cosmo-
logical parameters and initial conditions as the SPH simu-
lations. Halos in these N-body simulations were also found
using the FOF algorithm, with linking lengths of b = 0.164
and b = 0.200 in the CDM and SCDM models respec-
tively. The properties of corresponding dark matter halos in
the pure N-body and in the N-body/SPH simulations show
no signicant dierences.
The cosmological parameters required as input into the
semi-analytic model (Ω0, , h, σ8, Ωb) were set to the same
values as in the SPH simulations. The remaining parame-
ters of the FSA model were chosen so as to obtain a model
which produces a reasonable match to the local B and K-
band luminosity functions and other observational data (as
described by Cole et al. 1999). These parameters can be split
into two classes: those that aect the results of the SDSA
model (and which will be varied in this work) and those that
do not. The latter, however, are still important for specifying
the behaviour of the FSA model. Parameters that do not af-
fect the SDSA model are those which govern star formation,
feedback from supernovae and the production of metals by
stars. We do not discuss them in any detail here, but simply
refer the reader to Cole et al. (1999) for a full description.
Details for those parameters varied in this work are given in
§3.
The parameters which do aect the results of the SDSA
model are the following: fdf , the dynamical friction coe-
cient that determines the merger timescale for galaxies or-
biting in halos (see eqn. 4); the dark matter density prole;
the gas density prole; the progenitor halo mass resolution;
and the critical mass for cooling (the last two are both spec-
ied by N 0SPH). Unless otherwise stated, we set fdf = 1,
N 0SPH = 64, and assume (a) that the dark matter density





where rs is a scale-length, and (b) that the gas density has
an isothermal prole at large radii, and a constant density




The core radius is initially set to some fraction of the NFW
scale-length, rs, of the dark matter halo. As standard, we
choose this fraction to be 0.1. The gas that is able to cool
in a halo is the densest gas, which has the lowest entropy.
When halos merge to form a new halo this low entropy gas,
which would normally settle into the inner parts of the halo,
is missing. We take this into account by increasing the core
radius of later generations of halos so that the gas density
at the virial radius is the same as it would have been if no
gas had cooled in progenitors (for a full description see Cole
et al. 1999). The model also allows us the option (which we
explore below) of keeping the core radius xed.
We will initially make comparisons without altering any
of these parameters, and only afterwards explore the eects
of varying some of them.
2.2.3 Assumptions and Limitations
Semi-analytic models make several assumptions in the treat-
ment of gas in order to obtain simple, analytic solutions to
complex hydrodynamical processes. We have already men-
tioned the important assumptions of spherical symmetry
and shock-heating of the gas to the virial temperature of
its associated halo. The hot gas is then further assumed to
settle into a distribution with a universal form. Finally, the
amount of gas that is able to cool by time t after the forma-
tion of the halo is identied with the gas contained within
the radius at which the cooling time equals t. Once it has
cooled, this gas is assumed to flow to the centre of the halo,
where it is available for star formation, provided that the
free-fall time for the gas is also less than t. We shall refer to
this as the \cooling radius" prescription.
3 COMPARISON OF THE TWO MODELS
In this section we compare several properties of the galaxy
populations that form in our models and consider how this
comparison is aected by varying certain assumptions and
parameter values.
3.1 Properties of halo gas
We begin by comparing the most basic quantities calculated
by each technique, namely the fraction of gas in the hot
and cold phases, both globally and as a function of dark
matter halo mass. For these purposes, we dene a ‘hot halo
gas phase’ as gas above 105K within the virial radii of dark
matter halos; a ‘galaxy phase’ represented by cool, dense gas
in the SPH simulation and SDSA, and including also stars
(in disks and spheroids) in the FSA; and an ‘uncollapsed
gas phase’ consisting of everything else | i.e. gas outside
virialised halos.
In the Press-Schechter theory, all the matter in the uni-
verse is deemed to be in halos of some mass. We can deter-
mine the fraction of gas in the uncollapsed gas phase in the
FSA model simply by integrating over the Press-Schechter
mass function from zero mass to the mass corresponding
to a virial temperature of 105K. According to the spherical
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SCDM CDM
Figure 1. The global fraction of gas in each of three phases: hot halo gas, uncollapsed gas and galaxy gas. Dotted lines correspond to
the SPH simulation, solid lines to the FSA model, and dashed lines to the SDSA model.
CDM
Figure 2. The global fraction of gas in each of three phases: hot
halo gas, uncollapsed gas and galaxy gas. Results are shown for
the CDM cosmology with N 0SPH = 32. Dotted lines correspond
to the SPH simulation, solid lines to the FSA model, and dashed
lines to the SDSA model.
top-hat model of halo formation, the mass corresponding to
105K is:
M105K = 4.9× 1011(1 + z)−3/2c(z)−1/2h−1M, (3)
where c(z) is the overdensity of a newly formed, virialised
dark matter halo at redshift z. Since some halos hotter than
105K are not resolved in the SDSA model, the integration
in this case is carried out from zero mass to M105K or to the
halo mass resolution, whichever is highest. This estimate
does not correspond exactly to that in the SPH simulation
since in the latter case, the largest halos are surrounded by
gas at temperatures above 105K which extends beyond the
virial radius. Because of this, the SDSA model calculation
will eectively overestimate the amount of uncollapsed gas
relative to the SPH simulation. On the other hand, gas in
the SPH simulation tends to be slightly more extended than
assumed in the semi-analytic model (i.e. the simulated clus-
ters tend to have a baryonic content slightly smaller than
the universal baryon fraction within a radius enclosing an
overdensity of 200 { see e.g. Frenk et al. 1999). These two
eects counteract each other to some degree. Further small
dierences will be introduced by, for example, any dier-
ences in the distribution of progenitor halos as produced by
the semi-analytic and SPH techniques.
The amount of gas in each phase depends upon the rate
at which gas cools. Therefore this comparison tests model
assumptions relating to the process of gas cooling, such as
the spherical symmetry and cooling radius prescription for
the semi-analytic models or the eects of smoothing in SPH.
This test will therefore be sensitive to the choice of gas den-
sity prole in the semi-analytic models and to NSPH in the
simulations. Since it is concerned only with the total amount
of gas in dierent phases, it is insensitive to the way in which
the gas is apportioned into galaxies within a single halo, at
least in the SPH and SDSA models. In the FSA model some
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dependence on galaxy merger rates may exist, since merging
can aect the star formation rate in a galaxy and thus alter
the amount of gas reheated by feedback, as well as the rate
of chemical evolution, which in turn alters the cooling rates
in subsequent generations of halos.
3.1.1 Global gas fractions
Figure 1 shows the fractions of gas in each of the 3 phases:
hot halo, galaxy and uncollapsed, as a function of redshift.
In both cosmologies, the uncollapsed gas fraction in the
SDSA model is quite close to, although somewhat larger
(by ∼<0.05), than in the SPH simulation at all redshifts. At
z = 0, the fractional dierence is ∼<30%. Given the caveats
mentioned above, this level of agreement is pleasing. In the
FSA model, the fraction of gas in the uncollapsed phase is
somewhat lower than in the SPH simulation. This highlights
the eects of numerical resolution since the only dierence
between the standard FSA and SDSA models in this calcu-
lation is the resolution limit imposed on the SDSA model, in
order to match the resolution limit of the SPH simulation.
The gas belonging to sub-resolution halos is counted as un-
collapsed gas in the SDSA and SPH cases, but is accounted
for as hot or cold halo gas in the FSA case. This is why the
FSA model has higher fractions of hot halo and galaxy gas
than the other two models.
In the galaxy phase, which is the most interesting from
the perspective of galaxy formation, the SDSA and SPH
models again agree quite well at all redshifts in both cos-
mologies. The largest dierence occurs in the SCDM cos-
mology at z = 0.5, but it is only 50%. The agreement be-
tween the hot halo gas in the SDSA and SPH models is even
better than this, particularly at low redshift. For CDM, at
z = 0, the two models agree almost perfectly on the amount
of hot gas. This is a non-trivial result. One of the most un-
certain assumptions of the semi-analytic technique is that
gas is shock-heated to the virial temperature of the parent
halo. It is therefore reassuring that the amount of hot halo
gas turns out to be similar to that in the SPH simulations. If
anything, the SDSA calculation underestimates the amount
of hot gas at early times.
Since it is N 0SPH that determines which halos are re-
solved in the SDSA model, this parameter aects the gas
fractions in all three phases. For example, reducing N 0SPH
to 32 signicantly improves the agreement between SDSA
and SPH models in the CDM cosmology as shown in Fig.
2. The close agreement between the two models apparent
in this gure is somewhat coincidental (given the caveats
discussed above). However, the dierences produced by this
entirely plausible change in N 0SPH demonstrate the degree of
uncertainty inherent in these comparisons.
3.1.2 Galaxy gas fractions in halos
Figure 3 shows the distribution of \galaxy-phase" gas, ex-
pressed as a fraction of the total halo mass and scaled by the
universal baryon fraction. This is a bulk quantity for each
halo and is independent of the way in which gas is divided
among the galaxies that reside in each halo. In both cos-
mologies, the SDSA model predicts somewhat less galaxy
gas than the SPH simulation. The dierence is typically
CDM
Figure 4. The fraction of mass in the form of galaxies (scaled
by the universal baryon fraction) as a function of halo mass for
the CDM cosmology. The dotted line shows the median, and
the errorbars the 10 and 90 percentiles of the distribution in the
SPH simulation. The remaining lines show data calculated in the
SDSA model for: standard parameters (solid line); an initial core
radius ve times larger than the standard value with the core still
allowed to grow in subsequent generations of halos (short-dashed
line); a critical mass for cooling equal to 32 times the SPH gas
particle mass (dot-dashed line). The long dashed, vertical line
indicates the mass at which halos contain a total mass in gas (i.e.
hot halo and galaxy gas) equal to 64 times the SPH gas particle
mass (assuming that the gas mass is Ωb/Ω0 times the halo mass).
∼ 30%, except at high masses where the agreement is even
better. (We do not plot error bars for the largest mass bins
in the SPH simulations because they contain only one or
two halos; for the SDSA model we simply calculate several
Monte-Carlo examples of halos of the required mass.) At the
smallest masses plotted, the SPH and SDSA curves turn over
near the critical cooling mass (marked on the plot by the
long dashed line and corresponding to a halo containing a
total gas mass equal to 64 times the SPH gas particle mass,
assuming that the gas fraction in halos is Ωb/Ω0) due to
resolution eects, while the FSA model turns over because
of the eects of feedback which begin to become ecient at
reheating cold galaxy gas in halos below ∼ 1012h−1M.
Ironically, the FSA model agrees better with the SPH
simulation than the SDSA model, especially in the CDM
cosmology. This is purely a coincidence. In the SCDM cos-
mology, in fact, the FSA and SDSA are very similar but in
the CDM cosmology, the FSA model generates more cold
galaxy gas. As the FSA model has eectively no resolution in
the dark matter halo merger trees it constructs it allows gas
to cool very eciently at high redshifts in small halos, which
raises the line above the SDSA model. However, feedback in
the FSA model reheats some of this gas, forcing the galaxy
fraction back down. In the SCDM cosmology stronger feed-
back is required to match the observed galaxy luminosity
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SCDM CDM
Figure 3. The fraction of mass in the form of galaxies (scaled by the universal baryon fraction) as a function of halo mass. The solid line
shows the median of the distribution found in the FSA model and the errorbars indicate the 10 and 90 percentiles. The dotted line shows
the corresponding fraction for galaxies in the SPH simulation, and the dashed line for galaxies in the SDSA model. The long-dashed,
vertical line indicates the mass of those halos which, on average, contain a total mass in gas (including the hot and cold components)
equal to 64 times the SPH gas particle mass (assuming that the gas mass is Ωb/Ω0 times the halo mass).
SCDM CDM
Figure 5. The dierential galaxy mass function. The solid line corresponds to the FSA model, the dotted line to the SPH simulation
and the dashed line to the SDSA model. The vertical dashed line indicates the critical mass for cooling in the SPH simulations (which
is 64 times the gas particle mass).
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function than in the CDM model, and so the FSA model
turns out to has a very similar galaxy gas fraction to the
SDSA model.
Since the amount of gas that can cool depends upon the
assumed hot halo gas density prole and the critical cooling
mass, it is interesting to check if the agreement between the
SDSA model and the SPH simulation can be improved by
varying these parameters. We show the result of this test in
Fig. 4 for the CDM cosmology. (The results are similar for
SCDM.) Halving the critical mass required for gas cooling
in the SDSA model has a signicant eect, approximately
halving the discrepancy between this model and the SPH
simulation. The critical cooling mass is not, of course, a pre-
cise number, and this comparison suggests that we may have
been too conservative in setting it equal to 2×NSPH. In any
case, it appears that the agreement between the galaxy gas
mass as a function of halo mass in the SDSA and SPH mod-
els is better than one might have expected. Fig. 4 shows that
increasing the initial gas core radius (which makes cooling
less eective), even by a large amount, makes little dier-
ence to the galaxy phase fraction, and this, furthermore, is
only in the most massive halos. In smaller halos the cooling
radius is typically a much larger fraction of the virial radius,
and so the size of the core is less important. Adopting dif-
ferent hot halo gas density proles in the SDSA model (such
as one with a xed core radius, or a prole tracing the dark
matter) does not make any signicant dierence either.
In our standard semi-analytic prescription, gas reheated
by supernovae and gas accreted by a halo must wait until a
new halo is formed before it is allowed to cool. We have in-
vestigated the eect of varying this approximation, allowing
this gas to begin cooling immediately. This allows approxi-
mately 30% more gas to cool into the galaxy phase in halos
of low masses, again bringing the SDSA model into better
agreement with the SPH simulation.
3.2 Properties of galaxies
We now consider properties of the models that measure the
distribution of gas among individual galaxies, rather than
just the total amount of gas in a halo. The number of galax-
ies that form in a halo and their masses will be influenced, to
some extent, by the choice of hot gas density prole, but we
expect a much greater eect to come from the parameters
N 0SPH, which determines the minimum halo mass in which
galaxies can form, and fdf , which controls the rate at which
galaxies merge inside a halo.
3.2.1 Galaxy mass function
Figure 5 shows the dierential galaxy mass functions in the
models. (Recall that, by denition, Mgalaxy includes only
cold gas in the SPH and SDSA cases, but also stars in disks
and spheroids in the FSA case.) In the SPH and SDSA mod-
els the mass function begins to cut o at masses below the
cooling limit (which is indicated by a vertical dashed line in
the gure).
The agreement between the SPH and semi-analytic
models is somewhat dierent in the two cosmologies. In the
SCDM case, there is quite good agreement for large galaxy
masses, but the SPH simulation produced about twice as
many galaxies with a few times 1011M than the SDSA
model. In the CDM case, the SPH simulation produced
about 3 times as many galaxies as the SDSA model over
most of the mass range above the critical cooling mass. If
viewed as a dierence in mass at xed abundance, the dis-
crepancy can be as large as almost a factor of 2. For a xed
mass-to-light ratio, this would lead to a bright end luminos-
ity function which would be approximately 0.75 magnitudes
brighter in the SPH simulation than in the SDSA model. We
return to the possible reasons for this discrepancy shortly.
First, we note the interesting behaviour at the low mass
end of the mass function. Below the critical cooling mass,
9.0 × 1010 and 6.4 × 1010h−1M in CDM and SCDM re-
spectively, the abundance of galaxies in the SDSA and SPH
models drops very sharply, due to the eects of resolution.
These prevent the formation of small halos and also inhibit
the cooling of gas in marginally resolved halos. In the FSA
model, on the other hand, the number of galaxies continues
to rise towards small masses. Although feedback becomes
gradually more ecient towards lower masses in the FSA
model, this still allows many low mass galaxies to form. In
both the SDSA and the SPH models some galaxies do form
with mass less than the cooling limit. In the former case
this can occur because cooling is prevented only in halos
with a total hot gas mass less than the limit. It is still pos-
sible for cooling in a more massive halo to create a galaxy
below the mass threshold simply because there has not been
enough time for the total hot gas mass of the halo to cool.
The SPH simulations also contain galaxies below the mass
limit because the cuto is not sharp, but marks the point
at which cooling becomes ecient. These objects represent
young galaxies in the process of forming and make up a
small fraction of the total number of galaxies (except at
early times). In addition, in the SPH model there is a con-
tribution at small masses from galaxies in the process of
being tidally disrupted in clusters.
The discrepancy between the SPH and semi-analytic
models noted in Fig. 5 could be due either to dierences
in the cooling rates or to dierences in the galaxy merger
rates. The rst of these does not seem to be the explana-
tion, because reducing the cooling limit, N 0SPH, in the SDSA
model by a factor of 2 (to 32) does not improve the agree-
ment. This change simply allows more small mass galaxies
to form, without signicantly altering the galaxy masses at
the high mass end.
An alternative possibility is that the galaxy merger rate
in the SPH and SDSA models are dierent, leading to dif-
ferent numbers of galaxies forming in each halo. As we have
already discussed in §2.1.3, merging in the SPH simulations
may be driven by non-physical eects introduced by the
force softening used. The strength of these eects will de-
pend in a non-trivial way on the formation epoch of each
galaxy. Whilst we cannot attempt to mimic the details of
such eects in the semi-analytic model we can explore the
eects of a global change in merging timescales. In the semi-
analytic model, when a galaxy falls into a larger halo it is
assumed to sink to the centre of the larger halo in a time
proportional to the dynamical friction timescale, fdf , for an
object orbiting in an isothermal halo. This may be written
as (Lacey & Cole 1993):
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SCDM CDM
Figure 7. The number of galaxies per halo as a function of halo mass. Points show the median occupancy whilst the error bars show
the 10 and 90 percentiles of the distribution. The solid line shows galaxies in the FSA model, the dotted line in the SPH simulations and
the dashed lines in the SDSA model. Galaxies in the semi-analytic models are selected to have a mass in cold gas plus stars greater than
64 times the SPH gas particle mass.
CDM
Figure 6. Dierential galaxy mass function in the CDM cos-
mology calculated using a faster merging rate in the semi-analytic
models. The solid line is from the FSA model, whilst the dotted
line is from the SPH simulation and the dashed line is from the
SDSA model. The vertical dashed lines indicate the critical mass








where MH is the mass of the halo in which the satellite or-
bits, Msat is the mass of the satellite galaxy including the
mass of the dark matter halo in which it formed, τdyn is the
dynamical time of the large halo and the Coulomb logarithm
is ln(Coulomb) = ln(MH/Msat). The variable θorb contains
the dependence of the merger timescale on the orbital pa-
rameters of the galaxy. Cole et al. (1999) point out that this
formula has been derived on the basis of a number of as-
sumptions, for example treating the galaxy as a point mass.
Thus, whilst they recommend a default value of fdf = 1, they
also allow themselves the freedom to choose the value of this
constant if it is necessary to produce a realistic model. For
example, if some of the satellite galaxy’s dark matter halo
is stripped o shortly after it enters the new halo, a value
of fdf > 1 may be required. At the resolution of our SPH
simulations, an infalling satellite galaxy will lose nearly all
of its original dark matter halo shortly after entering the
larger halo. Furthermore, in the simulations, merging with
the central object is driven not only by dynamical friction,
but also by drag due to viscous eects as the satellite moves
through the hot halo of the cluster (Frenk et al. 1996, Tittley,
Couchman & Pearce 1999). These processes may drive the
eective fdf to a value less than unity. In addition to merg-
ers, in the SPH models an infalling galaxy can be severely
ablated or entirely disrupted by tidal eects. These eects
are particularly severe for small objects close to the resolu-
tion threshold, and are therefore of greatest importance at
high redshifts.
The greater the value of fdf , the longer it takes for a
galaxy to sink to the centre of its host halo. In Fig. 6 we
show the eect on the semi-analytic galaxy mass function
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in the CDM model of reducing the merging rate, from the
default value, fdf = 1, to fdf = 0.4. This change improves
the match between the SDSA and SPH models, but only
slightly, and mostly at high masses. Below 1012h−1M, the
two models still dier signicantly. Thus a change in the
global merging timescale does not help to reconcile the two
models. This should not be too surprising as this simple al-
teration cannot mimic any redshift dependence of the merg-
ing timescales in the SPH simulation. The FSA model turns
out to be in better agreement with the SPH model because
it contained more low-mass galaxies originally which have
now been merged into larger galaxies, thereby shifting the
mass function towards higher masses. We will consider next
the number of galaxies per halo in more detail.
3.2.2 Number of galaxies per halo
Figure 7 shows the number of galaxies per halo, with mass
greater than the critical cooling mass (64 times the gas
particle mass), as a function of halo mass. This quantity
is strongly aected by the galaxy merger rate, and so by
the dynamical friction parameter, fdf , and by the form of
eqn. (4).
Fig. 3 showed that the SDSA model produces slightly
less galaxy phase gas than the SPH model. In the CDM
cosmology, the SDSA calculation also produces fewer high
mass galaxies that the SPH simulation, as shown in Fig. 5.
However, as may be seen in Fig. 7, the number of galax-
ies per halo above the cooling limit agrees very well in the
SDSA and SPH models, except for the highest mass halos.
This apparent paradox may be understood as follows: al-
though the SDSA model has less galaxy phase gas in halos,
it tends to put that gas into lower mass galaxies than the
SPH simulation. As a result, the two end up having very
similar numbers of galaxies per halo even though they have
a dierent abundance of galaxies as a function of mass. The
FSA model also produces a very similar number of galaxies
to the SDSA and SPH models. Good agreement between the
various models also occurs in the SCDM cosmology.
In the preceeding subsection we found that increasing
the merger rate in the CDM SDSA model improved the
agreement of the gas mass function with the SPH simula-
tion, albeit only slightly. A higher merger rate, however, de-
pletes the number of galaxies by combining them into larger
galaxies. In Fig. 8, we show the eect of reducing fdf to 0.4
in the SDSA model. The eect is to lower the number of
galaxies in group-sized halos (1013 to 1014h−1M), below
the numbers found in the SPH simulation, thus spoiling the
nice agreement of Fig. 7.
3.3 Spatial distribution of galaxies
As a nal comparison, we consider the clustering of galaxies,
as measured by the two-point correlation function. This is
plotted in Fig. 9 for galaxies with mass above the critical
cooling mass. Note that this selection criteria (which picks
out only rather massive galaxies) is very dierent from that
considered by Benson et al. (1999a) and, as a result, the cor-
relation functions plotted in Fig. 9 are quite dierent from
those in Benson et al. (1999a). Note also that the relatively
small size of the simulations aects the determination of
CDM
Figure 8. The eects of a high merger rate in semi-analytic mod-
els for the CDM cosmology. The plot shows the number of galax-
ies more massive than 64 times the SPH gas particle mass as a
function of halo mass. The line indicates the median of the dis-
tribution whilst the error bars indicate the 10 and 90 percentiles.
The FSA, SPH and SDSA models are indicated by the solid, dot-
ted, and dashed lines respectively.
the correlation function for pair separations greater than a
few Mpc. The correlation function is, of course, sensitive to
the number of galaxies that form in each halo, and so it
depends on the merger rate assumed in the semi-analytic
models. To compute the correlation function in the SDSA
and FSA models, we make the further assumption that the
galaxies trace the mass within each dark matter halo.
The agreement of the correlation functions of all three
models in both cosmologies is very good on all scales, except
perhaps at small separations in the CDM cosmology, where
the semi-analytic models have a higher amplitude than the
SPH simulation. The good agreement is not completely un-
expected since we have already seen that the mean number
of galaxies per halo is roughly the same in all models, but
does demonstrate that forcing galaxies to trace the mass
within individual halos is a reasonable assumption to make,
at least for studies of the galaxy correlation function. Ben-
son et al. (1999a) have shown that the small-scale correlation
function is sensitive not just to the mean number of galaxies
per halo, but also to the variation in this number between
halos as this determines the average number of galaxy pairs
per halo. In the SCDM cosmology the SDSA and SPH mod-
els both predict 0.7 pairs of galaxies per halo for halos more
massive than 1012h−1M. This is only slightly less than the
number obtained if halos are populated with a number of
galaxies drawn from a Poisson distribution (as described by
Benson et al. 1999a), which for this cosmology gives 1.0 pairs
per halo. In the CDM cosmology the SDSA model predicts
an average of 2.0 galaxy pairs per halo over the same mass
range, whilst the SPH model predicts only 0.6. This dif-
ference makes the correlation function in the SDSA model
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SCDM CDM
Figure 9. Two-point galaxy correlation functions from the SPH, FSA and SDSA models are shown as the dotted, solid and dashed lines
respectively. The dot-dash line shows the correlation function of dark matter in the simulations. Galaxies from all the models are chosen
to have a mass in cold gas plus stars greater than 64 times the SPH gas particle mass.
CDM
Figure 10. The CDM galaxy two-point correlation function in
a model with very high merger rate. The FSA, SPH and SDSA
models are indicated by the solid, dotted and dashed lines respec-
tively. The dot-dashed line shows the correlation function of dark
matter.
being higher than the SPH model on small scales. The rela-
tively small discrepancy at small separations in the CDM
cosmology can be removed by reducing the merger timescale,
as we have done in the preceeding two sections. Setting fdf
to 0.4 as before produces the result illustrated in Fig. 10.
4 CONCLUSIONS
In this paper we have attempted to compare the consistency
of two very dierent techniques commonly used to study
galaxy formation, semi-analytic modelling and SPH simu-
lations. For this purpose, we constructed a simplied (or
‘stripped-down’) semi-analytic model (SDSA), designed to
mimic the conditions of a typical SPH simulation as closely
as possible. An articial resolution limit, similar to that in
our SPH simulations, was imposed on the SDSA model and
the standard star formation and feedback prescriptions nor-
mally used in semi-analytic modelling were stripped out. As
a secondary goal, we also compared the outcome of the SPH
simulations with that of a full semi-analytic model, in which
the star formation and feedback prescriptions have been re-
stored and no articial resolution limit imposed.
For our comparison, we considered ve properties of
the gas distribution in two versions of the CDM cosmology
(SCDM and CDM). In order of decreasing generality, these
are: (i) the global fractions of gas in three distinct phases,
hot halo, cool galactic and uncollapsed; (ii) the amount of
galaxy gas in halos of dierent mass; (iii) the abundance of
objects as a function of their cold gas mass; (iv) the num-
ber of \galaxies" as a function of halo mass; and (v) the
correlation function of galaxies. The main conclusion of this
paper is that the agreement between the SPH simulation
and the stripped-down version of the semi-analytic model is
much better than a pessimist might have expected. With a
few exceptions, most of the tests we have carried out give
good agreement between the two techniques. Specically,
our main results may be summarized as follow:.
(i) The simple estimates of gas cooling rates employed
in semi-analytic models (based on spherical symmetry and
cooling radius arguments) are in good agreement with the
cooling rates determined using the SPH technique (by di-
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rectly solving the approximate equations of hydrodynam-
ics). This agreement is manifest both in the global fractions
of gas in the three phases over the entire simulation volume
and in the fraction of cold, galactic gas in halos of dierent
mass. Over the simulation volume as a whole, the dierences
between the SDSA and SPH models are never larger than
50%. In particular, and perhaps surprisingly, the SDSA pro-
duces less hot gas than the SPH simulation at all epochs.
This model and the SPH simulation agree on the amount
of cold gas as a function of halo mass to better than about
30%.
(ii) The biggest discrepancy we nd is in the abundance
of galaxies as a function of their cold gas mass. In this case,
the SPH simulation produced two to three times more galax-
ies than the SDSA model. However, in both cosmologies, the
SPH and SDSA models produced a remarkably similar mean
number of galaxies per halo in halos of dierent mass. The
cold gas mass function is sensitive to the merger rate of
galaxies and it is unclear whether the discrepancy we have
found is due to inaccuracies in the merging timescale of the
semi-analytic model or to an articially enhanced merger
rate in the SPH simulations, influenced perhaps by unphys-
ical viscous and tidal interactions in clusters within the sim-
ulation. Since rich clusters form earlier in the CDM sim-
ulation, there is a longer time span for such eects to act
and this might explain why the dierence is slightly larger
in this model than in SCDM.
(iii) The spatial distribution of galaxies, as charac-
terised by the two-point correlation function, is remarkably
similar in the semi-analytic and SPH models. In the semi-
analytic models we assumed that galaxies within individual
clusters trace the cluster mass. The good agreement with
the SPH simulations suggests that this is not a bad approx-
imation.
The primary limitation of current cosmological SPH
simulations is the relatively poor resolution attainable even
with the largest computers. By comparing our SPH or SDSA
models to the full semi-analytic model (FSA), we gain an
idea of how important these resolution eects are in practice.
Furthermore, since the FSA model includes prescriptions for
star formation and feedback that are not modelled at all in
the SPH simulations we have considered, we can also assess
how important these processes are in determining the prop-
erties of hot and cold gas in the moderately large galaxies
that form in our SPH simulations. Overall, the dierences
between the FSA and SPH models are relatively minor, al-
though some noticeable discrepancies do exist. The largest
involves the relative fractions of uncollapsed (hot and cold)
halo gas. The total amount of gas that can cool in an SPH
simulation is determined by the resolution limit. In fact, we
tuned the resolution of our SCDM SPH simulation so as to
obtain a density of cold gas today comparable to the ob-
served density of cold gas and stars in the universe. The
CDM simulation was then chosen to have the same res-
olution in terms of gas particle mass. On the other hand,
because of its intrinsically high resolution, the semi-analytic
model traces the evolution of gas even in small halos which
the SPH simulation assigns to the uncollapsed phase. As
a result, not only is the fraction of halo gas larger in the
FSA than in the SPH simulation, but also the FSA cold
gas mass function extends to small masses, whereas in the
SPH simulation the mass function cuts o around the reso-
lution limit. Apart from this, the dierences between the full
semi-analytic model and the SPH simulations are compara-
ble in magnitude to the dierences between the stripped-
down semi-analytic model and the simulations.
In summary, our comparisons demonstrate a higher
level of consistency than was perhaps expected between the
results of SPH simulations and the more idealized semi-
analytic models. A particularly uncertain component of the
semi-analytic treatment is the assumption that gas cools
from a quasi-equilibrium state established when the gas is
shock-heated to the virial temperature of a halo during col-
lapse. Our comparisons do not test this assumption directly,
only its net eect on the amount of gas that cools in halos
of dierent mass. This turns out to be comparable to the
amount of gas that cools in halos of the same mass in the
SPH simulations. We emphasize, however, that due to the
limited resolution of our SPH simulations, this conclusion is
restricted at present to bright galaxies, with baryonic mass
of ∼>1011M. It will be important to check whether this re-
sult still holds in higher resolution simulations.
In this paper we have focussed on statistical properties
of the galaxy population. Agreement at this level does not
necessarily imply agreement on the properties of galaxies
on a case-by-case basis. We intend to examine this question
in future work. Our present results, however, provide useful
support for the reliability of current techniques for modelling
galaxy formation in a cosmological context.
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